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Statistics of Galaxy Clustering
The best tted value for both point distributions isDM ’ 1.6 as shown in
the left bottom panel of Fig. 1.1. The dierent appearance of both point dis-
tributions is a consequence of the dierent degree of lacunarity. Blumenfeld
& Mandelbrot (1997) have proposed to quantify this eect by measuring
the variability of the prefactor F in Eq. ??,
 =
Ef(F − F )2g
F 2
The result of applying this lacunarity measure is shown in the right bottom
panel of Fig. 1.1. The visual dierences between the point distributions are
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2 1. Statistics of Galaxy Clustering
1.4 Power spectra
The current statistical model for the main cosmological elds (density, ve-
locity, gravitational potential) is the Gaussian random eld. This eld is
determined either by its correlation function or by its spectral density, and
one of the main goals of spatial statistics in cosmology is to estimate those
two functions.
In recent years the power spectrum has attracted more attention than
the correlation function. There are at least two reasons for that | the
power spectrum is more intuitive physically, separating processes on dier-
ent scales, and the model predictions are made in terms of power spectra.
Statistically, the advantage is that the power spectrum amplitudes for
dierent wavenumbers are statistically orthogonal:
E
neδ(k)eδ?(k0)o = (2pi)3δD(k− k0)P (k).
Here eδ(k) is the Fourier amplitude of the overdensity eld δ = (ρ− ρ)/ρ at a
wavenumber k, ρ is the matter density, a star denotes complex conjugation,
Efg denotes expectation values over realizations of the random eld, and
δD(x) is the three-dimensional Dirac delta function. The power spectrum
P (k) is the Fourier transform of the correlation function ξ(r) of the eld.
Estimation of power spectra from observations is a rather dicult task.
Up to now the problem has been in the scarcity of data; in the near future
there will be the opposite problem of managing huge data sets. The de-
velopment of statistical techniques here has been motivated largely by the
analysis of CMB power spectra, where better data were obtained rst, and
has been parallel to that recently.
The rst methods developed to estimate the power spectra were di-
rect methods | a suitable statistic was chosen and determined from
observations. A good reference is Feldman et al. (1994).
The observed samples can be modeled by an inhomogeneous point





where δD(x) is the Dirac delta-function. As galaxy samples frequently have
systematic density trends caused by selection eects, we have to write the







where n(x)  ρ(x) is the selection function expressed in the number density
of objects.
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where ψ(x) is a weight function that can be selected at will. The raw
estimator for the spectrum is
PR(ki) = F (ki)F ?(ki),













where G(k) = j ~ψ(k)j2 is the window function that also depends on the
geometry of the sample volume. Symbolically, we can get the estimate of
the power spectra bP by inverting the integral equation
G⊗ bP = PR −N,
where ⊗ denotes convolution, ΓPR is the raw estimate of power, and N is
the (constant) shot noise term.
In general, we have to deconvolve the noise-corrected raw power to get
the estimate of the power spectrum. This introduces correlations in the
estimated amplitudes, so these are not statistically orthogonal any more.
A sample of a characteristic spatial size L creates a window function of
width of k  1/L, correlating estimates of spectra at that wavenumber
interval.
As the cosmological spectra are usually assumed to be isotropic, the
standard method to estimate the spectrum involves an additional step of
averaging the estimates bP (k) over a spherical shell k 2 [ki, ki+1] of thick-
ness ki+1 − ki > k = 1/L in wavenumber space. The minimum-variance
requirement gives the FKP (Feldman et al. 1994) weight function:
ψ(x)  n(x)
1 + n(x)P (k)
,




where N is the number of coherence volumes in the shell. The number
of independent volumes is twice as small (the density eld is real). The
coherence volume is Vc(k)  (k)3  1/L3  1/V .
As the data sets get large, straight application of direct methods (espe-
cially the error analysis) becomes dicult. There are dierent recipes that
have been developed with the future data sets in mind. A good review of
these methods is given in Tegmark et al. (1998).
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Figure 1.2. Power spectrum of the 2dF redshift survey, divided by a smooth model
power spectrum. The spectrum is not deconvolved. Error bars are determined
from Gaussian realizations; the dotted lines show the wavenumber region that is
free of the influence of the window function and of the radial velocity distortions
and nonlinear eects. (Courtesy of W. J. Percival and the 2dF galaxy redshift
survey team.)
The deeper the galaxy sample, the smaller the coherence volume, the
larger the spectral resolution and the larger the wavenumber interval
where the power spectrum can be estimated. The deepest redshift surveys
presently available are the PSCz galaxy redshift survey (15411 redshifts
up to about 400h−1 Mpc, see Saunders et al. (2000)), the Abell/ACO rich
galaxy cluster survey, 637 redshifts up to about 300h−1 Mpc (Miller &
Batuski 2001)), and the ongoing 2dF galaxy redshift survey (141400 red-
shifts up to 750h−1 Mpc (Peacock et al. 2001)). The estimates of power
spectra for the two latter samples have been obtained by the direct method
(Miller et al. 2001, Percival et al. 2001). Fig. 1.2 shows the power spectrum
for the 2dF survey.
The covariance matrix of the power spectrum estimates in Fig. 1.2 was
found from simulations of a matching Gaussian Cox process in the sample
volume. The main new feature in the spectra, obtained for the new deep
samples, is the emergence of details (wiggles) in the power spectrum. While
sometime ago the main problem was to estimate the mean behaviour of the
spectrum and to nd its maximum, now the data enables us to see and study
the details of the spectrum. These details have been interpreted as traces
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of acoustic oscillations in the post-recombination power spectrum. Similar
oscillations are predicted for the cosmic microwave background radiation
fluctuation spectrum. The CMB wiggles match the theory rather well, but
the galaxy wiggles do not, yet.
Thus, the measurement of the power spectrum of the galaxy distribution
is passing from the determination of its overall behaviour to the discovery
and interpretation of spectral details.
1.5 Other clustering measures
To end this review we briefly mention other measures used to describe the
galaxy distribution.
1.5.1 Counts-in-cells and void probability function
The probability that a randomly placed sphere of radius r contains exactly
N galaxies is denoted by P (N, r). In particular, for N = 0, P (0, r) is the
so-called void probability function, related with the empty space function
or contact distribution function F (r), more frequently used in the eld of
spatial statistics, by F (r) = 1−P (0, r). The moments of the counts-in-cells
probabilities can be related both with the multifractal analysis (Borgani
1993) and with the higher order n-point correlation functions (White 1979,
Stoyan et al. 1995, Szapudi et al. 1999).
1.5.2 Nearest-neighbor distributions
In spatial statistics, dierent quantities based on distances to nearest neigh-
bors have been introduced to describe the statistical properties of point
processes. G(r) is the distribution function of the distance r of a given
point to its nearest neighbor. It is interesting to note that F (r) is just the
distribution function of the distance r from an arbitrarily chosen point in
IR3 | not being an event of the point process | to a point of the point




introduced by van Lieshout & Baddeley (1996) is a powerful tool to analyze
point patterns and has discriminative power to compare the results of N -
body models for structure formation with the real distribution of galaxies
(Kerscher et al. 1999).
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1.5.3 Topology
One very popular tool for analysis of the galaxy distribution is the genus
of the isodensity surfaces. To dene this quantity, the point process is
smoothed to obtain a continuous density eld, the intensity function, by
means of a kernel estimator for a given bandwidth. Then we consider the
fraction of the volume f which encompasses those regions having density
exceeding a given threshold ρt. The boundary of these regions species an
isodensity surface. The genus G(S) of a surface S is basically the number of
holes minus the number of isolated regions plus 1. The genus curve shows
the variation of G(S) with f or ρt for a given window radius of the ker-
nel function. An analytical expression for this curve is known for Gaussian
density elds. It seems that the empirical curve calculated from the galaxy
catalogs can be reasonably well tted to a Gaussian genus curve (Canavezes
et al. 1998) for window radii varying within a large range of scales.
1.5.4 Minkowski functionals
A very elegant generalization of the previous analysis to a larger family
of morphological characteristics of the point processes is provided by the
Minkowski functionals. These scalar quantities are useful to study the shape
and connectivity of a union of convex bodies. They are well known in spatial
statistics and have been introduced in cosmology by Mecke et al. (1994).
On a clustered point process, Minkowski functionals are calculated by gen-
eralizing the Boolean grain model into the so-called germ-grain model. This
coverage process consists in considering the sets Ar = [Ni=1Br(xi) for the
diagnostic parameter r, where fxigNi=1 represents the galaxy positions and
Br(xi) is a ball of radius r centered at point xi. Minkowski functionals
are applied to sets Ar when r varies. In IR3 there are four functionals: the
volume V , the surface area A, the integral mean curvature H , and the
Euler-PoincareΓΓcharacteristicχ, related with the genus of the boundary
of Ar by χ = 1 − G. Application of Minkowski functionals to the galaxy
cluster distribution can be found in Kerscher et al. (1997). These quantities
have been used also as ecient shape nders by Sahni et al. (1998).
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